A grand challenge of systems biology is to predict the kinetic responses of living systems to perturbations starting from the underlying molecular interactions. Changes in the nutrient environment have long been used to study regulation and adaptation phenomena in microorganisms 1-3 and they remain a topic of active investigation 4-11 . Although much is known about the molecular interactions that govern the regulation of key metabolic processes in response to applied perturbations 12-17 , they are insufficiently quantified for predictive bottom-up modelling. Here we develop a top-down approach, expanding the recently established coarsegrained proteome allocation models 15,18-20 from steady-state growth into the kinetic regime. Using only qualitative knowledge of the underlying regulatory processes and imposing the condition of flux balance, we derive a quantitative model of bacterial growth transitions that is independent of inaccessible kinetic parameters. The resulting flux-controlled regulation model accurately predicts the time course of gene expression and biomass accumulation in response to carbon upshifts and downshifts (for example, diauxic shifts) without adjustable parameters. As predicted by the model and validated by quantitative proteomics, cells exhibit suboptimal recovery kinetics in response to nutrient shifts owing to a rigid strategy of protein synthesis allocation, which is not directed towards alleviating specific metabolic bottlenecks. Our approach does not rely on kinetic parameters, and therefore points to a theoretical framework for describing a broad range of such kinetic processes without detailed knowledge of the underlying biochemical reactions.
, whereas catabolic protein content (reported by LacZ expression induced in medium with isopropyl β -d-1-thiogalactopyranoside, IPTG 15 ) took several hours to adapt. Eventually, all these quantities grew at the same rate, as is required for balanced growth. The instantaneous growth rate, λ ≡ dlnM/dt, slowly converged to its final value λ f over the course of several hours (Fig. 1b , and Extended Data Fig. 2a for longer times). Biomass synthesis flux, J ≡ dM/dt, responded rapidly: the final rate of increase was reached within 30 min of the upshift (Fig. 1c) . A similar fast response is observed for the synthesis of new RNA and LacZ (Fig. 1d, e) , with expression levels (slope of the data) approaching the final value (slope of the dashed lines) within one mass-doubling after the upshift.
Next, we characterized the kinetics of nutrient downshifts, resulting from the depletion of a nutrient component in the medium as in Monod's study of diauxic growth 1 . Wild-type cells were grown on saturating amounts of succinate and small amounts of glucose ( Fig. 1f) : as glucose is co-utilized with succinate 21 , cells first used both carbon substrates and switched to succinate-only after glucose was depleted. At this point, the instantaneous growth rate λ(t) decreased sharply (Fig. 1g) . During the recovery, RNA and LacZ (Fig. 1i , j) showed decreased and increased expression levels (slope of the data), respectively, eventually settling to the final level (slope of the dashed lines). Both the upshift and the downshift are highly repeatable (Extended Data Fig. 2b ) and similar behaviour has been observed for eight other substrate pairs for upshifts (Extended Data Fig. 3 ) and four other substrate pairs for downshifts (Extended Data Fig. 4) , covering a wide range of initial and final growth rate combinations.
The recovery processes shown in Fig. 1 are controlled by regulatory interactions. Despite an abundance of molecular knowledge, particularly regarding the regulation of ribosome synthesis by guanosine tetraphosphate (ppGpp) 13, 14, 16, 17 and the regulation of carbon catabolism by the cAMP-cAMP receptor protein (cAMP-CRP) signalling system 12, 15 , quantitative characterization of the dynamics of these regulatory processes is lacking. Models that do not include the dynamics of gene regulation are incapable of consistently describing the different types of recovery kinetics after different nutrient shifts (Supplementary Note 1 and Extended Data Fig. 5 ). Here we introduce a coarse-grained kinetic model that quantitatively incorporates the regulation of catabolism and protein synthesis, despite the lack of kinetic parameters describing the molecular processes. We assume that the kinetics of growth recovery is limited by the abundances of a number of key internal metabolites, including ketoacids and amino acids 11, 22 , which we coarse-grain into a single pool of 'central precursors' , as these metabolites are connected by rapid reversible reactions 23 . As illustrated in Fig. 2 , this precursor pool is filled by carbon influx J C (equation (1) in Fig. 2 ) and depleted by ribosomes during protein synthesis. Because the translational activity of the ribosomes, σ(t), defined mathematically as the average translation rate 24 , is set by the precursor pool, we assume it adjusts on a coarsegrained time scale such that the flux of protein synthesis J R balances the carbon influx J C (equations (2a) and (2b) in Fig. 2 ).
The allocation of protein synthesis is dictated by gene-regulatory functions: an increase in the precursor pool upregulates the synthesis of ribosomes (blue, equation (3a) in Fig. 2 ) via the function χ Rb (t), which is controlled by ppGpp signalling pool, which also sets the translational activity σ. These observations led us to formulate our key approach, which closes the model equations and renders them independent of molecular details: we use the translational activity σ(t) to set the regulatory functions χ Rb (t) and χ Cat (t) via the steady state relations, χ σ ( ) Rb and χ σ ( ) Cat . The latter are shown in Fig. 2b and are obtained from the previously characterized 'growth laws' 15, 18 (Extended Data Fig. 1c-g ). This is stated explicitly in equations (3b) and (4b) in Fig. 2 and amounts to a quasi-steady state assumption Carbon substrates S1 and S2 are imported by uptake proteins Cat1 and Cat2 of abundances M Cat1 and M Cat2 at rates k 1 and k 2 , respectively. Changes in the external concentrations of these substrates result in changes in the carbon influx J C (red, equation (1)), which supplies a pool of central precursors (squares). These precursors are consumed by the ribosomes (Rb) for protein synthesis, the flux of which J R (orange, equation (2b), with α being a conversion factor from carbon to protein) must balance the changes in the carbon influx at a coarse-grained timescale. Attaining this protein synthesis flux for a given number of ribosomes (of abundance M Rb ) requires changes in the translational activity σ as defined in equation (2a Data Fig. 1c, d ) as derived in Supplementary Note 2.2d-f. The central simplifying assumption of the model is that the time-dependence of the regulation functions during growth transition is determined solely through the changes in σ, as expressed explicitly in equations (3b) and (4b).
( Supplementary Notes 3 and 4) . By construction, the resulting coarsegrained model does not attempt to address very rapid kinetic processes, for example, ribosomal oscillation during upshift to rich medium 25 . However, it describes the kinetics of cell growth and gene expression on slower timescales, for example, from around ten minutes until the attainment of the new steady state, provided that the growth transitions do not involve prolonged periods of growth arrest 8 , which would invalidate the quasi-steady-state approximation.
We refer to this model of gene regulation as flux-controlled regulation (FCR), because the key dynamic variable σ(t), which controls gene expression via the regulatory functions χ Rb and χ Cat (equations (3a) and (4a) in Fig. 2) , is set by the condition of flux balance (equations (2a) and (2b) in Fig. 2) . Combining all the equations shown in Fig. 2 (detailed in Supplementary Note 4.1), we obtain a single nonlinear differential equation describing the kinetics after the shift (t > 0): 2). The timescale of this logistic-like equation is set by the rate μ f , which characterizes the maximal carbon uptake rate in the post-shift medium; its value can be fixed through its relation with the steady-state growth rate λ f in the post-shift medium,
, where λ C = 1.17 h −1 is a known, strain-specific constant of the growth laws (Extended Data Fig. 1d and Supplementary Note 2.3). The time courses of mass M(t), ribosomes M Rb (t), and all other quantities introduced in The solution also requires the specification of the initial condition σ(0), the translational activity directly after a shift. For upshifts, this depends on the abundance of the uptake system Cat2 (for the newly added substrate) at the time of the upshift, as a sudden increase in carbon influx due to pre-expressed Cat2 leads to an abrupt increase in σ(0). Many uptake systems are not expressed in the absence of their cognate substrates, so that biomass flux J(t) and σ(t) are continuous, and the solution of equation (5) is able to describe the entire upshift kinetics without any adjustable parameters (Fig. 1a-e and Extended Data Fig. 3, black panels) .
In some instances, we observe an abrupt jump in biosynthesis flux J(t) at the instant of upshift (see, for example, Extended Data Fig. 6 ), possibly owing to the expression of Cat2 during pre-shift growth. Such pre-expression can be accommodated in the FCR model by changing the initial condition σ(0) (Extended Data Fig. 6, black lines) . By synthetically pre-expressing Cat2 during pre-shift growth, the magnitude of the abrupt jump of flux J(t) at the moment of the shift can be systematically varied, even to the extent at which the instantaneous growth rate transiently overshoots that of the post-shift state (Extended Data Fig. 7a, b) . For these cases, the FCR model quantitatively predicts the magnitude of the flux jump, as verified in Extended Data Fig. 7d .
The same FCR model quantitatively captures the very different dynamics of downshifts between co-utilized carbon substrates (Fig. 1f-j (57)). The FCR model was further expanded to capture the growth shift between hierarchically used carbon substrates, specifically the paradigmatic glucose-lactose diauxie 1 (Fig. 3) . Here, inducer exclusion 26 prevents the uptake of lactose and the expression of the lac operon as long as glucose is present and taken up. Without invoking the details of how precisely inducer exclusion is removed, we introduced the switch-on time of the lac operon as the lone fitting parameter (Supplementary Note 3.2g) and find that the FCR model accurately describes the glucose-lactose diauxie also (Fig. 3, black lines) . The quantitative agreement of the model output with the measured observables is remarkable, given the simplicity of the model, and especially the lack of free parameters. As discussed in Extended Data Fig. 8 , upshifts and downshifts show different recovery kinetics, despite being controlled by the same underlying regulatory strategy. In upshifts, the reallocation of protein synthesis quickly settles (Extended Data  Fig. 8a, dashed lines) , and recovery is dominated by growth-mediated relaxation of the abundances of catabolic proteins and ribosomes towards their final states. In downshifts, the phase of active reallocation of protein synthesis spans the entire recovery (Extended Data ). In both shifts, the regulatory functions do not slide along the steady-state lines, despite being derived from them (Supplementary Note 2; compare the black and the coloured lines in Extended Data Fig. 8c) .
The complete recovery after nutrient shifts is surprisingly slow, considering that the number of desired proteins needed to overcome the metabolic bottleneck is small; for example, Cat2 for upshift and Cat1 for downshift comprise no more than a few per cent of the entire proteome. They should thus take only a few per cent of the doubling a, E. coli K-12 grown on 0.03% glucose and 0.2% lactose. Initially, only glucose is used 1 . Around time t = 0 glucose was depleted and lactose uptake and metabolism were activated. The dotted red line indicates the growth rate on lactose only, λ f = 0.95 h −1 . b, The instantaneous growth rate λ(t) dropped abruptly after glucose depletion, followed by a rapid recovery to λ f (dotted horizontal line). c, After glucose depletion, biomass flux increased at an increased rate, before settling to the final rate. The slope of the red dotted line indicates λ f , the slope of the orange dotted line indicates μ f . d, Lactose catabolic enzyme LacZ (green triangles) is tightly repressed before the shift (98 U ml −1 at OD 600 nm ), then increases rapidly after the shift, before settling at the final expression level indicated by the slope of the green dotted line (1,557 U ml −1 at OD 600 nm , obtained from steady-state growth in lactose only). The dotted orange line, with slope μ f /λ f × 1,557 U ml −1 OD 600 nm = 7,866 U ml −1 OD 600 nm , is the predicted response immediately after shift according to Supplementary equation (18) of Supplementary Note 2. The black curves are full predictions of the FCR theory using the timepoint of lac operon activation as the single fitting parameter (see Supplementary Note 3.2g). . Instead, according to the FCR model, cells adopt a regulatory strategy featuring coordinated global remodelling of the proteome well beyond the adjustment of a few specific proteins, but including, for example, a large number of anabolic and catabolic proteins unrelated to the specific sugars in the medium. Indeed, the FCR model makes quantitative predictions for the proteome remodelling dynamics: classifying the proteome according to the steady-state response under carbon limitation 19 , we group proteins increasing, decreasing or not changing under carbon limitation by C↑ , C↓ , and C -'sectors' , respectively. Because catabolic proteins belong to C↑ and ribosomes belong to C↓ 19 , the dynamics of these proteome sectors, allocated by the regulatory functions χ C↑ and χ C↓ , are specified in the FCR model by the regulatory functions χ Cat (t) and χ Rb (t) according to the relation equations (6a) and (6b) in Extended Data Fig. 8d , with all constants fixed by the steady-state proteome partitioning (Supplementary Note 5). The dynamics of the sectors C↑ and C↓ , manifested by changes in the total mass fractions of all proteins in these sectors denoted by ϕ C↑ (t) and ϕ C↓ (t), are then prescribed by equations (7a) and (7b), shown in Extended Data Fig. 8d . The resulting sector dynamics for upshifts and downshifts are qualitatively sketched in Extended Data Fig. 8e and f, respectively.
We tested these predictions by extending the quantitative mass spectrometry approach 19 to the kinetic regime. Figure 3a shows the time-dependent changes in the abundance of hundreds of proteins during the up-and downshifts presented in Fig. 1 . We observe that the dynamic response of the proteins is in line with their steady-state categorization: after a carbon downshift, C↑ proteins increased (green) and C↓ proteins decreased (red), whereas the opposite occurred in upshift. The majority of C -proteins showed little to no response to nutrient shifts. The change of protein abundance is dominated by protein expression and growth-mediated dilution, as degradation plays a negligible role during the transition (Extended Data Fig. 10 ). We estimated the total abundances of proteins belonging to each of these three sectors (see Methods), and plotted their time dependences following up-and downshift (Fig. 4b, c) . Their dynamics closely follow the model predictions (lines) throughout the transitions. The same approach was applied to characterize the total abundances of proteins belonging to various major metabolic pathways or functional groups ( Fig. 4d and Methods). The dynamics of these groups in upshifts and downshifts largely followed the model predictions too, except for motility proteins, which clearly exhibited a delay under nutrient downshift. The quantitative matches of the model predictions with the proteome data without adjustable parameters suggest that much of the proteome is indeed co-regulated, governed by a single dynamic control variable as assumed in the model throughout the growth shifts. In our model, this dynamic variable is the translational activity σ(t), which is itself a proxy for the central metabolite pool (for example the ketoacids and amino acids) as illustrated in Fig. 2a . Because, molecularly, the control is exerted via the messengers cAMP 12,15 and ppGpp 13, 14, 16, 17 , our results suggest that these two signalling pathways are tightly coupled via the central metabolite pool 15, 22 , which is the proposed driver of global regulatory control. Notably, even pathways not known to be directly regulated by cAMP or ppGpp, for example amino acid synthesis, are seen to follow the predicted global response following carbon shifts, possibly due to competition for transcriptional or translational resources 16, 17 . Despite the central regulatory roles of these signals, the growth transition kinetics are not sensitive to the kinetic details of these signalling pathways, as evidenced by the predictive power of the FCR model that does not explicitly include signalling. Rather, the kinetics are governed by the slower timescales of global reallocation of protein synthesis and growth-mediated dilution. The observed resource-allocation strategy maintains global coordination of the proteome, instead of sequentially prioritizing the expression of various bottlenecks 27, 28 . This conservative control strategy may be more robust by confining the metabolic bottleneck to the central precursors, which drive global regulatory control (Fig. 2a) . Quantitative understanding of proteome-remodelling kinetics is a prerequisite for predicting cellular dynamics, such as the dynamics of genetic circuits or growth in response to stresses, making the framework established here foundational in understanding a broad spectrum of other kinetic phenomena.
Online Content Methods, along with any additional Extended Data display items and Source Data, are available in the online version of the paper; references unique to these sections appear only in the online paper. Supplementary Information is available in the online version of the paper.
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No statistical methods were used to predetermine sample size. The experiments were not randomized and the investigators were not blinded to allocation during experiments and outcome assessment. Growth medium. All growth media used in this study were based on N− C− minimal medium 29 , containing K 2 SO 4 (1 g), K 2 HPO 4 ·3H 2 O (17.7 g), KH 2 PO 4 (4.7 g), MgSO 4 ·7H 2 O (0.1 g), and NaCl (2.5 g) per litre. The medium was supplemented with 20 mM NH 4 Cl as the nitrogen source, and various carbon sources. 1 mM IPTG was added to media when necessary to fully induce the native lac operon, or 0.1 mM IPTG was added to induce the P Llac-O1 promoter driving XylR for titratable expression of dctA in strain NQ537. The expression of the Pu promoter was activated by the regulator XylR upon induction by 3-methylbenzyl alcohol (3MBA), added at indicated concentrations. Extended Data Fig. 1h , i include steady-state growth rates supported by the medium for all carbon sources used. Culture procedure. Each experiment was carried out in three steps: seed culture, pre-culture and experimental culture. Cells taken from − 80 °C glycerol stock were seeded on an LB Agar plate before the experiment. A single colony was picked and grown on fresh LB in a shaken water bath at 37 °C and 250 r.p.m. Media in the pre-culture were chosen to be identical to the experimental culture. Inoculation of the pre-culture with washed seed culture was chosen such that the pre-culture grown overnight were still growing exponentially on the morning of the experiment. Cells were kept for at least ten doublings (at least five for growth rates below 0.4 h −1 ) in the pre-culture at 37 °C, shaken at 250 r.p.m. Inoculation into pre-warmed experimental culture in the morning was chosen such that cells spent at least an additional 3 doublings at 37 °C with shaking at 250 r.p.m. in the experimental culture before growth was measured.
For small culture volumes, 5 ml of experimental culture was grown in 20 mm × 150 mm glass test tubes. For larger volumes, 25 ml (100 ml) was grown in 125 ml (500 ml) baffled Erlenmeyer flasks. At each time point, a 200-μ l sample was extracted and the optical density was measured using a 1 mm path length Starna Sub-Micro cuvette at 600 nm in a ThermoScientific Genesys 20 spectrophotometer.
High-precision optical density data shown in Fig. 1 were obtained using a flowcell set-up. An experimental culture, 25 ml in volume, was shaken at 37 °C and 250 r.p.m. in a 125 ml baffled Erlenmayer flask in an air incubator. A peristaltic pump was used to circulate medium through a flow-cell cuvette. OD 600 nm was measured using an LED light source (592 nm) and a photodetector controlled by a microcontroller. All instruments and tubing were kept at 37 °C inside the air incubator. Strains. All strains used in this study are derived from wild-type E. coli K-12 strain NCM3722 30 and are summarized in Extended Data Fig. 1j . Titratable dctA expression strain was constructed as described previously 15 . In brief, the region containing the km gene and Pu promoter was PCR-amplified from plasmid pKDPu and integrated into the chromosome of E. coli strain NQ351 upstream of dctA (− 1 to − 182 bp relative to translational start point of dctA), by using the λ Red system 31 . The resulting km-Pu-dctA in the above strain was transferred into strain NQ386 containing P Llac-O1 -xylR by P1 transduction, resulting in strain NQ530. To construct a titratable lacZ expression strain, km-Pu-lacZ in Supplementary equation (40) was transferred into strain NQ386 by P1 transduction, resulting in strain NQ537. Strains NQ381 and NQ399 have been described previously 16 . A dctA knockout was transferred from JW3496-1 to NCM3722 via P1 transduction to yield strain NQ1324. β-galactosidase quantification. The β -galactosidase quantification is based on the Miller assay 32 and used as described previously 15 . Total RNA quantification. The RNA quantification method is based on the method used as described previously 33 with modifications as described 15 . Total protein quantification. Total protein was quantified using a commercial microBCA assay. In summary, 1 ml samples were collected via centrifugation and stored at − 80 °C until the analysis. For the analysis, cells were washed again and resuspended in N− C− medium and diluted 1:10. Next, 200 μ l of diluted sample and 200 μ l of microBCA working reagent were incubated at 60 °C in a water bath. After 1 h, samples were put on ice, cell debris was removed via centrifugation and absorbance at 592 nm was recorded. Each analysis was calibrated individually using bovine albumin serum standards. Dry mass quantification. 150 ml cell culture was grown in baffled 250 ml flasks to an OD 600 nm of about 0.5 at 37 °C in a water-bath shaker. Triplicates of 50 ml cell culture were subsequently collected, cooled by shaking in an ice-water bath, and concentrated via centrifugation. Supernatants were recorded at every step and subtracted from the OD 600 nm reading. The resulting pellet was transferred to 1.5 ml tubes and dried at 80 °C overnight. The resulting mass of the pellet was determined with a high-precision balance. Growth transition mass spectrometry protocol. We used quantitative mass spectrometry to analyse the kinetic series of the up-and downshift shown in Fig. 1 . Over approximately two doublings, we collected two pre-shift and six logarithmically spaced post-shift samples for each kinetic transition, each containing the equivalent biomass of 1 ml liquid culture at OD 600 nm = 1, collected by centrifugation at 17,000g for 2 min. To enable light/heavy relative quantitation using mass spectrometry, we prepared a 15 N stable-isotope labelled reference containing a 1:1 (w/w) mixture of steady-state glucose and succinate-minimal medium cultures grown in the presence of 15 NH 4 Cl. After resuspension in pure water, 100 μ l of the mixed 15 N reference containing the equivalent of 1 ml liquid culture at OD 600 nm = 1 cell biomass was added to each sample cell pellet previously stored at − 20 °C. Subsequent sample processing, including TCA precipitation, cysteine reduction, alkylation, tryptic digestion, and desalting procedures, was performed as previously described 24 . Tryptic peptides were separated on an Eksigent NanoLC Ultra system coupled to a Sciex 5600 TripleTOF system and analysed in data-dependent shotgun mode (250 ms MS1 scan, followed by 40 cycles of 150 ms MS2 scans) 24 . Each sample was injected twice, yielding two technical replicates.
As described previously 24 , vendor WIFF-format instrument data files were converted to profile and centroid MZML formats using Sciex software. Using the Trans-Proteomic Pipeline 34 , centroided mzML files were converted to mzXML and searched using X!Tandem 35 N-reference pipetting by the quotient of the cumulative light (sample) and heavy (reference) X!Tandem spectral counts for E. coli peptides on a per-sample basis. Absolute protein expression (that is, the fraction of the total protein mass that is a specific protein) was estimated by spectral counting of X!Tandem peptide-spectrum matches.
For each upshift and downshift, the time series of 'absolute expression data' can be represented in the form of an expression matrix E m,n , with the time series (n = 1…8) along the columns, and the number of proteins, m, as rows.
Proteins previously classified to increase, decrease or show no response under carbon limitation 19 were classified as the C↑ , C↓ and C -sectors. 24 proteins not detected previously 19 were classified according to the nearest distance of their linear response (average of both upshift and downshift) and the average linear response of proteins belonging to each sector.
Data shown in Fig. 4a use relative expression data, which were obtained by normalizing the 'absolute expression data' to the pre-shift expression data (average of one data point at t = − 15 min, and a second data point immediately before the shift). If both pre-shift entries were empty, data could not be normalized and were removed from the analysis. Additionally, to focus on high-quality expression data, rows (protein) with more than four empty entries were removed, yielding a total of m = 647 proteins, which are provided in Supplementary Table 1. Data were log 2 transformed and plotted as a heat map in Fig. 4a .
Data shown in Fig. 4b , c use 'absolute expression data' (that is, absolute mass fractions of proteins). Single-protein data are provided in Supplementary Table  2 . The abundance of a sector X at time entry n, ϕ X,n , was calculated by summing protein expression p m,n over all entries m, under the condition that protein m is an element of the sector X, and is provided in Supplementary (9) and (12)), shown in Extended Data Fig. 1c, d and discussed in Supplementary Note 2), which serve as the general input to the model, independent of specific growth shifts. The constants Letter reSeArCH appearing in the linear growth laws (ϕ Rb,0 , γ, λ C ) fix the parameters appearing in the regulatory functions χ Cat and χ Rb (Supplementary equations (28) and (29)), which enter the central equation of the translational activity σ(t) in equation (5) (or Supplementary equation (43)). Additionally, the FCR model requires growthshift-specific parameters: the initial growth rate λ i and the final growth rate λ f . The final growth rate λ f fixes the parameter μ f (appearing in equation (5)), which describes the quality of the post-shift nutrient, via the growth laws (Supplementary  equation (17) ).
The initial condition of the translational activity σ(0), as defined in Supplementary equation (50), is determined by the type of shift, and can lead to markedly different transition kinetics. For upshifts without pre-expression between co-utilized carbon sources, the initial condition σ(0) equals the pre-shift value σ i , determined by the pre-shift growth rate, λ i , see Supplementary equation (52). For upshift with preexpression, the initial condition σ(0) requires fitting of the pre-expression level, see Supplementary equation (54). For downshifts between co-utilized carbon substrates, the initial condition σ(0) is set by the carbon influx of the remaining substrate, which can be calculated from the initial and final growth rates, λ i and λ f , and the growth laws, see Supplementary equation (56). For downshifts between hierarchically used carbon substrates, the initial condition σ(0) requires fitting one parameter.
Pre-shift growth of all variables is determined by the initial growth rate λ i and the growth laws, see Supplementary equations (58)-(64). Post-shift growth is calculated from the time-dependent solution of σ(t) (obtained analytically as Supplementary equation (49)); the solution is used to derive the general analytical solutions for all other dynamic quantities, including the abundance of ribosomes (M Rb (t), Supplementary equation (66)) catabolic protein (M Cat (t), Supplementary equation (73)), biomass synthesis (J R (t), Supplementary equation (68)), biomass (M(t), Supplementary equation (76)), and growth rate (λ(t), Supplementary equation (77) (19) and (20)), as occurs when the concentration of a substrate is reduced to very low levels, then the model can only be solved numerically (Supplementary Note 4) . Data availability. The data that support the findings of this study are available from the corresponding author upon reasonable request.
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Extended Data Figure 1 | Growth laws. a, Dry mass per optical density OD 600 nm is independent of the growth rate in the investigated conditions with an average of 509 μ g dry weight per ml × OD 600 nm value (black line). b, Protein mass per optical density OD 600 nm shows a slight dependence on growth rate (black line: guide to the eye), in accordance with the increase of RNA and DNA in the cell at higher growth rates 38 . Because the change is small in the range of growth rates of the up-and downshifts presented, we take the conversion from dry mass to total protein to be constant throughout the shifts presented. Dry mass and total protein data taken from ref. 
(t) = J(t)/M(t).
Shortly after the upshift, the cell culture was diluted 4-and 16-fold in fresh medium, grown in parallel to the original culture, and the optical density was recorded for the diluted cultures once they reached an optical density of around 0.05. As the growth rate is independent of the cell density, data from the original and the diluted cultures collapse, showing that for longer times the growth rate reaches its final level (dashed line). b, Repeatability. Biomass (top), flux (middle) and growth rate (bottom) for (left to right) the upshift from (76), (70) and (77), using the initial condition Supplementary equation (52) for upshift without pre-expression. Initial and final growth rates were measured during steady-state growth on the respective carbon substrates. (19)- (21) and (22)- (24)) numerically. The uptake of the depleting substrate (glycerol or gluconate) was calculated from Supplementary equation (20), using the Michaelis constants K m = 212 μ M (gluconate 40 ) and K m = 5.6 μ M (glycerol 41 ). Since gluconate transport has a low affinity, it depletes slowly (see a and c), which is accurately described by our modelling of catabolism. Initial and final growth rates were measured during steady-state growth on the respective carbon substrates. Fig. 1b (a) ; Succinate-glucose downshift from Fig. 1g (b) ; Glucoselactose diauxie shift from Fig. 3b (c) . Experimental data are shown as red symbols. Among existing models of growth transition, the one proposed by Dennis and Bremer allows for predicting growth transitions of upshifts 42 . This model assumes that the flux jumps instantaneously to the final state without a regulatory scheme (see Supplementary Note 1 for a review). Predictions of this model, referred to here as the 'instantaneous model' , are shown as the green dashed lines in all panels. Although the instantaneous model works well for upshifts (panel a), for which it was developed 42 , it fails to describe downshifts (panels b and c), because it cannot describe a flux decrease. The instantaneous model cannot be fixed by matching the flux after glucose depletion (blue dotted lines in panels b and c), as it underestimates the recovery rate owing to a lacking regulatory scheme (Supplementary Note 1) . By contrast, the FCR model introduced in this work, based on an active reallocation of protein synthesis during growth transitions, predicts the correct recovery rates (black solid lines) consistently for both up-and downshifts.
(t)/M(t), red diamonds). Theory lines for M(t), J(t) and λ(t) were calculated using Supplementary equations
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Letter reSeArCH (orange) and a downshift from fast pre-shift growth λ i = 0.95 h −1 (green) is seen, with λ(0) = 0.2 h −1 , and the same slow growth rate λ f = 0.95 h −1 . a, d, The trajectories of the recovery in the space of growth rate (left y-axis), which is proportional to the catabolic protein fraction (right y-axis), and ribosome fraction ϕ Rb (t) (bottom x-axis). The initial condition ϕ Rb (0) depends on the pre-shift growth rate λ i (top x-axis). The trajectories start at the points (ϕ Rb (0), λ(0)), indicated by coloured squares, and end at the final state (ϕ Rb,f , λ f ), marked with a black cross. As detailed in Supplementary Note 6, the kinetics are biphasic and can be understood using a simple geometric construction, which yields the dotted and dashed lines (see Supplementary Note 6.2). First, a relaxation associated with a timescale μ f −1 (Supplementary equation (116) ), along the grey dashed lines, during which protein synthesis contains more catabolic proteins and fewer ribosomes than the final composition of the proteome. The end of this kinetic phase is indicated by circles in all panels. Second, a slow motion along the diagonal dashed line on the timescale λ f −1
(Supplementary equation (120)). Along this line, the translational activity, σ(t) = λ(t)/ϕ Rb (t), has relaxed to the final state (see b, e), where σ(t) has relaxed after the 'circles' . As a result, the regulatory functions have relaxed to the final state too, and protein synthesis contains the same amount of catabolic proteins and ribosomes as in the final state. During this second phase, the proteome gradually adapts due to growth-mediated dilution of inherited proteins. c, f, The growth rate almost fully adapts during the first phase (from t = 0 to the circle) for the downshifts (green, cyan), but not for the upshifts (orange, purple). This difference is because of the high ribosome abundance in downshifts, which allows increased expression of catabolic proteins, and thus almost entirely avoids the slow phase, and is more prominent for shifts to fast final growth (a-c), than to slow final growth (d-f).
Letter reSeArCH We added concentrated 15 NH 4 Cl into the culture at the moment of gluconate upshift or a few minutes before glucose exhaustion during the downshift. Comparing to a third isotope species (spiked-in 15 N-reference culture) allows tracking the levels of pre-shift proteins over time. b, A schematic showing the levels of total cellular protein (black) and cellular protein existing at pulse time (blue) as the culture is instantaneously upshifted. Stable protein levels are characterized by a zero-slope line (blue solid line), whereas degrading or exported cellular proteins exhibit a negative-slope line (blue dashed line, red arrow). c, The post-shift levels of 40 cellular proteins of highest mass fraction were quantified using the pulse-labelling approach. Light (L, 14 N) over heavy (H, 15 N) relative protein levels are plotted as a function of time. These proteins span diverse biological functions, cellular localization, size and structure. Together, they account for 35-40% of the total protein mass detected throughout the shift (estimated by summing their mass abundances listed in Supplementary  Table 2 for each condition). With the exception of flagellin (fliC, red box), we did not observe decreasing protein levels for either the upshift or downshift series on the 2-h timescale for large-abundance proteins, which we could confidently quantify. Flagellin is exported to the cell periphery by a dedicated transport system, and probably shed into the medium during steady-state growth. As shed proteins are not collected at the same efficiency as proteins in cells, the decline of pre-labelled FliC serves as a positive control for the method.
